In classical physics the energy density of a field is always positive. However this does not hold true for quantum physics where the energy density of a field can be locally negative. There are limits on the weighted average of this negative energy density called the quantum inequalities. Recently this author has provided a number of examples which show that the quantum inequalities are not valid. In this paper we will examine a previously published proof of the spatial quantum inequality for a zero mass scalar field in 1-1 dimensional space-time. It will be shown that there is a possible problem with this proof due to an ambiguity associated with point split regularization and the definition of the Hadamard form for the two point function.
There is a similar relationship for the temporal quantum inequality except the integrations are over time instead of space.
Recently a number of papers have been written by this author that claim to demonstrate counterexamples to the quantum inequalities (D. Solomon [9] [10] [11] [12] ). This implies that there is something wrong with the proofs that claim to support the quantum inequalities. In this paper we will focus on the spatial quantum inequality as discussed by
Flanagan [5] . It will be shown that there is a possible problem with the proof presented in [5] due to the way the limits are taken in the Hadamard form of the two point function.
Consider scalar field theory in 1-1D space-time. Let x be the space coordinate and t the time coordinate. In this case the Hadamard form of the two point function   , ; , G x t x t   can be expressed as [13, 14] ,
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The quantity 0   is assumed to approach zero and is required in order to prevent Wald [14] ).
The two point function is used to determine the energy density using the method of point split regularization. In this case, at the end of the calculations, we take, x x   and t t   . Note that this means we will have three quantities that are approaching zero.
These are  
x x  ,   t t  , and  . It will be shown that final results are dependent on the order in which we let these quantities go to zero. This will impact on Flanagan's proof of the spatial quantum inequality.
In the following discussion we will do some fairly straightforward calculations involving the kinetic energy density using point split regularization and show how the results are dependent on the way in which the quantities  
x x  ,   t t  , and  approach zero. Then we will argue that the proper way to take these terms to zero is to allow  
x x  and   t t  to approach zero much faster than  . It will be shown that if this is done Flanagan's proof of the spatial quantum inequality no longer holds.
Calculation involving a massive scalar field.
For the first example consider a massive scalar field of in 1-1 dimensional space-time in the presence of the time independent scalar potential   V x  . In this case the field
where m is the mass and  is a non-negative parameter that can be set to zero to turn off the potential. The field operator is,
, ,
where , n a  and , n a   are the destruction and creation operators, respectively. They obey the commutation relationships Next we want to calculate the kinetic energy density for the state 0  . The kinetic energy operator is defined by,
The kinetic energy density expectation value of the state 0  is, then, given by,
Now there is a problem with this evaluating this expression. It can easily be shown to be infinite. However we are not really interested in absolute magnitude of the kinetic energy density but in the difference between this kinetic energy density and the kinetic energy density of the unperturbed vacuum state. Therefore we define the regularized kinetic energy density by the expression, There is still a problem with evaluating this expression due to the fact that we are subtracting one infinity from another. We will ignore this problem for the moment.
Next, define the momentum density operator as
Following the procedure leading up to (2.6) we define the renormalized momentum density expectation value of the state 0  as,
Now evaluate the expression   
As discussed above there is a potential problem with this calculation in that some of the quantities, such as 
In this case the kinetic energy density expectation value is given by,
where   00 , ;
R T x t  is potentially dependent on the pair
regularization works then the terms containing  should drop out in the limit that
Eq. (2.14) can be more conveniently expressed in terms of the two point function which is defined as,
The two point function for the free field case is obtained by setting 0   in the above expression to obtain,
Note that both
G y y will be well defined expressions that will be dependent on  . The point split renormalized kinetic energy density is given by,
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Similarly the renormalized momentum density is given by,
Use this in (2.21) to yield, 
Consider the last term. Recall that we are evaluating these expressions in the limit 0   so that we can write,
Assume that the two point function is of the Hadamard form. In this case,
with 0   . Also from [13, 14] ,
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Using the above relationships we obtain,
where the expression 1 0   implies that the three quantities 0  , 1  , and  all approach zero.
For the free field case we have
From all this we obtain,
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Compare this result to (2.9). Note that there is nothing in (2.9) that corresponds to the last term in the above expression. Also recall we are evaluating this quantity in the limit 1 0   . In this case the last term, above, is not well defined. We refer to (2.33) and (2.11) and write
This quantity is dependent on how 0  , 1  , and  go to zero. For example if  and 0  go to zero much faster than 1  then the above quantity will be
However if 1  approaches zero faster than  and 0  then     . Therefore in order to properly evaluate the above expressions we must know how these quantities approach zero.
Kinetic energy density for a static potential.
In this section we will provide another example where a calculation using the method of point split regularization results in an expression with is dependent on how the quantities  and  approach zero.
We will calculate the kinetic energy density for a zero mass scalar field in 1-1 dimensional space-time where the scalar potential
The field operator satisfies (2.1) with   
V x x
In the above expression  takes on all values from 0 to  and For the massless case the two point function will have an infrared divergence so we will not use it. Instead we will evaluate the point split kinetic energy density using (2.12) and (2.14). First define the quantity,
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This can be considered to be the point split kinetic energy density of the j th   mode. The total kinetic energy density is then given by, 
Use (3.8) and (3. In order to evaluate this we need solve for the eigensolutions
. This is done in the Appendix (Also see Ref [10] ). We will evaluate the kinetic energy density in the region x a  . This is the region where the scalar potential equals  . 
and, 
Use these results in 
where this quantity is calculate in the limit that   , ,    approach zero. Therefore, unless we know how to take these expressions to zero, we cannot evaluate the point split kinetic energy density.
Field operator for a time dependent potential..
In order to resolve this dilemma we will consider one more example. Consider a massive scalar field in the presence of a time dependent scalar potential   V t . In case this the mode solutions satisfy,
For this problem we will assume periodic boundary conditions of period L so that,
In order to satisfy the periodic boundary conditions we have,
where n is an integer. Let the potential be given by
where  is a constant. The solutions to the above is given by, 
5. Mode Regularization.
In this section we will determine the kinetic energy density for the system defined in the previous section using "mode" regularization. Mode regulation is based on the concept that we can trace the evolution through time of each individual mode   , k f x t which will allow us to calculate the change in the kinetic energy density of each mode. The total kinetic energy density is obtained by adding up all these changes.
The kinetic energy density of the k-th mode is,
At 0 t  , when 0   before the application of the scalar potential, the kinetic energy density of the k-th mode is,
Therefore the change in the kinetic energy density of this mode due to the application of the scalar potential is,
Assume 0 t  and use (4.2) and (4.6) in (5.1) to obtain,
This expression converges due to the fact that the integrand falls off sufficiently fast as k   . Therefore, using mode regularization, we can obtain a well defined and finite expression for the kinetic energy densisty.
Point Split Regularization.
In this section we will calculate the kinetic energy density using point split regularization 
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As in the prior discussions a frequency cutoff factor is used and it is assumed that 0   .
The point split kinetic energy density is then, 
As in the previous example this quantity is dependent on how  and  approach zero. If this term was zero then mode regularization and point split regularization would give the same result. In all our examples the terms of this type will be eliminated if we assume that 0  and 1  go to zero much faster than  . In this case we can set 0  and 1  equal to zero in (6.16) to obtain   
Appendix.
We will determine the mode solutions 
